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Abstract Determining the positions, shapes and sizes of
ﬁnite living particles such as bacteria, mitochondria or
vesicles is of interest in many biological processes. In
ﬂuorescence microscopy, algorithms that can simultaneously localize such particles as a function of time and
determine the parameters of their shapes and sizes at the
nanometer scale are not yet available. Here we develop
two such algorithms based on convolution and correlation image analysis that take into account the position,
orientation, shape and size of the object being tracked,
and we compare the precision of the two algorithms using
computer simulations. We show that the precision of
both algorithms strongly depends on the object’s size. In
cases where the diameter of the object is larger than about
four to ﬁve times the beam waist radius, the convolution
algorithm gives a better precision than the correlation
algorithm (it leads to more precise parameters), while for
smaller object diameters, the correlation algorithm gives
superior precision. We apply the convolution algorithm
to sequences of confocal laser scanning micrographs of
immobile Escherichia coli bacteria, and show that the
centroid, the front end, the rear end, the left border and
the right border of a bacterium can be determined with a
signal-to-noise-dependent precision down to 5 nm.
Keywords Correlation Æ Convolution Æ Tracking
precision Æ Accuracy Æ Eschericha coli Æ Laser Scanning
Microscopy

Introduction

trajectories of small ﬂuorescent particles in motility assays and in cell membranes (Saxton and Jacobson 1997).
Depending on the object and background intensity in
subsequent images, a localization and tracking precision
down to the nanometer scale can be achieved (Yildiz
et al. 2003). Common SPT algorithms give reliable results if the object being tracked has a constant diameter
that is markedly smaller than the wavelength of the
ﬂuorescent light. However, these standard algorithms
fail in cases where a ﬁnite particle with a diameter similar to the wavelength of light changes shape, size or
orientation during tracking. Here we report on the
computer analysis of images taken from ﬂuorescencelabeled Escherichia coli bacteria in vitro. We derive
equations for convolution and auto- and cross-correlation image analysis that take into account shape, size,
orientation and position of the object being tracked, and
quantitatively compare the accuracy and the precision of
both algorithms by computer simulations. Measurements were performed using a home-built instrument
that combines the advantages of ﬂuorescence correlation
spectroscopy (FCS) (Krichevsky and Bonnet 2002; Kim
and Schwille 2003) and confocal laser scanning microscopy (CLSM). Analyzing subsequent CLSM images of
immobile ﬂuorescent bacteria with the ﬁnite particle
tracking (FPT) algorithms developed demonstrate that
the edges and the centroid of sausage-like structures, like
bacteria, can be determined with a precision down to
5 nm. The models for FPT analysis introduced here
open up the possibility of high-precision localization and
tracking of vesicles and various types of regularlyshaped organelles both in vitro and in vivo.

Single-particle tracking (SPT) is a tool that is often used
in biophysical research to observe displacements and
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E. coli bacteria
E. coli bacteria of the substrain K12 were obtained from
standard laboratory cloning experiments. Prior to imaging, the bacteria were diluted and applied in a drop of
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solution onto a coverslip placed on the microscope
stage. The composition of the bath solution was (in
mM): NaCl 98, KCl 2, MgCl2 2, CaCl2 1, Glucose 5,
PyruvatNa 5, HEPES 10, 225 mOsm, pH 7.8. Under
these conditions the bacteria were immobile. E. coli
bacteria were labeled with the ﬂuorescent dye MitoTracker Orange CMTRos (Molecular Probes, Leiden,
The Netherlands), a lipophilic cationic dye derived from
Tetramethylrosamin for staining living mitochondria.
Prior to the CLSM measurements, E. coli bacteria were
incubated for 10 min in 100 nM MitoTracker dissolved in the bath solution. MitoTracker accumulated
preferentially in E. coli due to the negative transmembrane potential of the bacteria. Measurements were
performed after rinsing of the bath. An inverted Zeiss
Axiovert 35 microscope (Carl Zeiss, Göttingen, Germany) was used to which the following apparatus was
attached.
Combined CLSM and FCS set-up
Figure 1 shows the imaging set-up used (previously described in detail, Gennerich and Schild, 2000). Brieﬂy, a
HeNe cw-laser (2.2 mW) at 543.5 nm was used as the
excitation source (LK 54015, Laser Graphics, Dieburg,
Germany). Tandem galvanometer mirrors (GD120DT,
GSI Lumonics, Unterschleissheim, Germany) were used
for x-y-positioning, and a piezo-driven objective holder
(P-721.10, Physik Instrumente, Waldbronn, Germany)
for z-positioning. The back aperture of the objective
used (C-Apochromat 40/1.2 W, Carl Zeiss) was not
overilluminated. The laser intensity was set to 3.14 kW/
cm2 using neutral density ﬁlters. The detection pinhole

Fig. 1 Schematic of the
combined CLSM and FCS setup. For a detailed description,
see text. Components: F1:
neutral density ﬁlter; F2:
interference ﬁlter; D1: dichroic
mirror (BSP690, DELTA Light
& Optics, Lyngby, Denmark);
D2: dichroic mirror (BSP-25560, DELTA Light & Optics);
GM: tandem galvanometer
mirrors; GCB: galvanometer
controller boards (AE1000
Controller Boards, GSI
Lumonics); PSC: piezo servo
controller (E-610.L0, Physik
Instrumente, Waldbronn,
Germany); PCH: photon
counting hardware; SL: scan
lens; TL1/2: tube lens

had a diameter of 50 lm. The beam waist radius and the
structure factor were determined to be rxy=0.24 lm and
S=rz/rxy=7 by FCS measurements of translational
three-dimensional diﬀusion of tetramethylrhodamine
(TMR) (T-5646, Sigma-Aldrich Chemie, Deisenhofen,
Germany) in water, assuming a diﬀusion constant of
D=2.8·106cm2/s (Rigler et al. 1993).
Two personal computers were used to control the
experiment and data acquisition; for simplicity these are
termed LSM-PC and FCS-PC here. Pulses generated by
the single photon-counting module (SPCM-AQ-141,
EG&G, Optoelectronics, Dumberry, Canada) were
transformed into TTL pulses with the same pulse width
and sent to both PCs. The FCS-PC was equipped with a
hardware correlator board (ALV-5000/E, ALV, Langen,
Germany). The LSM-PC had two additional hardware
cards: ﬁrst, a DSP-card (ADwin-9, Jäger Messtechnik
GmbH, Lorch, Germany) with 12-bit ADCs and DACs,
and second, a PCI controller interface (PCI-Proto LAB,
H+K Messsysteme GmbH, Berlin, Germany). CLSM
measurements were controlled using a custom-developed
graphics interface (image processing software, IPS)
running under the RT-Linux operating system. The
DSP-card generated the control voltages and sent them
to the x- and y-galvanometer control hardware, and
sampled (12 bit, 10 ls) the x-position signal. The x-yposition of the confocal detection volume was calculated
based on the known relationship between low frequency
control voltage changes and the corresponding changes
in the spatial coordinates in the object plane, the known
periodicity of the control voltages, and the measured
phase shift between the sampled horizontal position
signal and the corresponding galvanometer input signal.
Images were only calculated for the quasi-linear range of
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galvanometer positions (the range within which the
focus volume has a constant pixel dwell time). Communication between the DSP-card and PC was interrupt-controlled by PC-DSP communication software
supplied by the vendor (Jäger Messtechnik GmbH,
Fig. 2a–d Photon-counting
with deadtime. a Relative standard
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ.
deviation r ¼ hdN 2 i h N i of the photon count rate N as a
function of the mean count rate ÆNæ, measured using the photon
detection system of our set-up (solid line). The calculation of r is
based on the variance ÆdN2æ as a function of ÆNæ as given by the
ﬁtted fourth-order polynominal shown in plot (b) of this ﬁgure. The
dashed
line
shows
the
relative
standard
deviation
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
.pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ.
 02 . 0
dN
r0 ¼
hN i ¼ hN 0 i hN 0 i ¼ 1
hN 0 i of the Poissondistributed count rate N¢ as a function of the deadtime-aﬀected
mean count rate ÆNæ with ÆN¢æ being the deadtime-corrected mean
count rate. The conversion from ÆN¢æ to ÆNæ follows from the ﬁtted
theoretical function shown in the inset. The inset of this ﬁgure
depicts the mean count rate ÆNæ as a function of the deadtimecorrected mean count rate ÆN¢æ (closed circles, data supplied by
EG&G, Optoelectronics, Dumberry, Canada). The solid line shows
the ﬁtted theoretical function ÆNæ=ÆN¢æt/(1+ÆN¢æs) for a nonparalyzable detection system (Yu and Fessler 2000). Result of the
ﬁt: t=0.647 ls and s=31 ns (ÆN¢æ in 106s1). s is the mean detector
deadtime. b Variance ÆdN2æ of the count rate N as a function of the
mean count rate ÆNæ, measured with the photon detection system
used herein (closed circles). The data points come from
measurements performed in a drop of 1 mM TMR solution placed
onto a coverslip. The mean intensity of each successive
measurement was increased step by step by moving the confocal
detection volume into the drop of TMR solution using the piezodriven objective holder, beginning at a position within the 160 lmthick coverslip (below the drop of TMR solution (Ia=374 kW/
cm2)). Fitting a fourth-order polynomial gave (ÆNæ in 106s1):
ÆdN2æ=1.04892ÆNæ0.05101ÆNæ20.00158ÆNæ3+0.00008ÆNæ4 (solid
line). The dashed line shows the theoretical variance of a Poissondistributed count rate with ÆdN2æ=ÆNæ. c Example taken from one
of the successive measurements, a 1 ms portion of a measurement
of 220 ms duration is shown (ÆNæ=8.41·106s1). d Histogram of
the measured count-rates (part of the corresponding measurement
is shown in plot (c) of this ﬁgure). Fitting a Gaussian function
results in ÆNæ=29.03 and r=3.99 (solid line)

Lorch, Germany). During CLSM measurements, the
photons captured by the APD were transformed into
TTL pulses and sent to the PCI-card. Custom-made
electronics put the pulses into a 32-bit shift register, and
transferred them via DMA to the LSM-PC’s RAM.
CLSM images were formed by assigning the photon
counts at a given time interval (dwell time) to the pixel
resulting for that time interval from the calculated
position of the detection volume. The images were displayed as image sequences on the monitor.
The detection eﬃciency of the avalanche photodiode
used was 70-80%. Backreﬂection (kexc=543.5 nm) was
blocked by an interference ﬁlter (HQ 582/50, OD6, AF
Analysetechnik, Pfrondorf, Germany) placed in front of
the photodiode. Using an APD allows virtually noisefree measurements. The APD used had a dark count rate
of 100/s. Given a typical pixel dwell time of 4 ls, this
means that there is one spurious photon every
2500 pixels. On the other hand, the deadtime of the
APD limits the bandwidth. The inset of Fig. 2a shows
the mean count rate ÆNæ of the APD as a function of the
deadtime-corrected mean count rate ÆN¢æ (data supplied
by EG&G, Optoelectronics, Dumberry, Canada). The
deadtime of the detector leads to an underestimation of
the number of incident photons if the number exceeds
1 Mcps (cps, counts per second), and the photon count
variance r over the number of photons detected
(Fig. 2b) deviates from the linearity typical of Poisson
processes (Yu and Fessler 2000). Furthermore, the
deadtime leads to an increased relative standard deviation r of the photodetector countrate N at rates below
15·106s1 (Fig. 2a) as compared to the relative standard deviation r¢ of the Poisson-distributed countrate
N¢ of a photodetector without deadtime (Fig. 2a). This
eﬀect results in a reduced SNR for the images. As the
localization precision (r) of the object coordinates
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strongly depends on the SNR of the images, the precision discussed in this paper indicates the upper limit of
achievable precision. In addition, the measured photon
countrate (Fig. 2c) is well described by a Gaussian distribution (Fig. 2d) in contrast to photon signals of other
photodetectors (such as photomultipliers) that exhibit
Poisson-statistics.
Image analysis and computer simulations
Analysis of experimental CLSM images and computer
simulations were performed under the Linux operating
system using the IDL computer language (Research
Systems, Boulder, CO, USA). Normalized autocorrelation- and cross-correlation functions of subsequent
images were calculated using IDL subroutines. Software
routines for numerical integration and image-ﬁtting
procedures based on the Levenberg-Marquarth algorithm (Marquarth 1963), were obtained from sources in
the public domain. Simulated ﬂuorescence images of
E.coli bacteria were calculated by adding shot noise to
the theoretical noise-free intensity distribution I(xi,yi)
describing the model object (see below). For a pixel with
coordinates (xi,yi), a random intensity value was generated from a Poisson distribution with mean intensity
I(xi,yi) at that pixel.
Signal-to-noise ratio (SNR)
The localization precision of the algorithms derived here
strongly depends on the size of the object, its intensity,
the background signal, the resolution of the imaging
system and the pixel size (Bobroﬀ 1986; Cheezum et al.
2001; Thompson et al. 2002). The precision of an algorithm, deﬁned by the standard deviation of a ﬁtted
parameter (Kues et al. 2001), is a measure of the range
within which a parameter can fall. Because a measurement can be precise without being accurate, both the
localization precision and accuracy of an algorithm must
be taken into account. Here, the accuracy of the algorithm is deﬁned as the deviation between the true
parameter and the mean of the parameter subsequently
estimated (for a detailed investigation of the accuracy
and the precision of common tracking algorithms, see
Cheezum et al. 2001).
The quality of the measurement of an object can be
characterized in terms of the signal-to-noise ratio
(SNR). Because of the low background noise of our
APD measurements, the noise (r) in the images was, to a
very good approximation, the noise of the object
intensity itself. A good SNR estimate is therefore
SNR ¼

I0
;
rsig

ð1Þ

where I0 is the mean intensity signal amplitude above the
mean background signal IB and rsig gives the standard
deviation of the intensity signal. Localizing a ﬂuorescent

object and simultaneously determining its shape and size
requires that the tracking algorithm accounts for both
the center of the intensity distribution Isig(x,y) and its
particular shape. Precise detection of the edges of an
object requires accurate interpolation of the two-dimensional intensity distribution, in particular a satisfactory interpolation of the lower intensity values at
the edges of the distribution (see below). To characterize
the ﬂuctuations in the ﬂuorescence signal Isig(x,y), its
standard deviation,
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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I
ð
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j
Þ

I
ð
i;
j
Þ
sig
sig
u
tði;jÞ2Mobj


;
ð2Þ
rsig ¼
card Mobj  1
can be estimated, where card ðMobj Þ is the cardinal
number of the set

Mobj ¼ ði; jÞ 2 x  yjIsig ðx; y Þ>102  I0 ;
ð3Þ
in other words the number of elements in Mobj . A good
estimate of the average intensity Isig ðx; yÞ can be obtained by ﬁtting (v2- minimization) a theoretical intensity distribution I obj ðx; yÞ to the ﬂuorescence image of
the object (see below). The amplitude of I obj ðx; yÞ above
the background IB (the background constant IB serves as
an additional free ﬁt parameter) further provides an
estimate for the mean signal amplitude I0 (see Eq. 1).
The deﬁnition of the set Mobj guarantees that the
computer algorithm only takes into account pixels that
belong to the object. The SNR calculated in the suggested way is thus a measure of the quality of the object
intensity only.

Theory
Recovery of shape, size, orientation and position of
E. coli from ﬂuorescence images by convolution analysis
The idea of this approach is to ﬁt a theoretical intensity
distribution of a ﬁnite model object such as a bacterium to a measured ﬂuorescence image of the bacterium
in order to obtain its position, orientation, shape and
size. This result is achieved in three steps. First, a
geometrical model of the bacterium must be assumed.
Second, an expression for the ﬂuorescence image resulting from this model must be derived. This expression contains all of the parameters for the bacterium’s
position, orientation, size and shape as free parameters.
Third, the theoretical image is ﬁtted to the experimental image (the parameters of the model are varied
until the deviation of the former from the latter is
minimized). In the following, steps one and two are
discussed.
The most plausible way of modeling the geometry of
an E. coli bacterium (Fig. 3a, inset) is by assuming a
cylinder with two hemiellipsoidal caps attached to it (a
‘‘sausage model’’, Fig. 3a). If such an entity has homo-
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in which Iobj(x,y) is the convolution product of the
‘‘characteristic’’ object function vobj(x¢,y¢,z¢) (which is
unity at all points of the ﬂuorescent object and otherwise
zero, Gennerich and Schild 2002), with the function
describing the three-dimensional Gaussian volume from
which the emission intensity is detected, the so-called
detectable emission intensity distribution IE(x,y,z)
(Rigler et al. 1993),
2
2
2
2
2
IE ðx; y; zÞ ¼ gQIa e2½ðx þy Þ=rxy  elðz =rz Þ :

ð5Þ

g accounts for the overall optical losses of the emission
pathway, including the eﬃciency of the APD, and Q is
the quantum eﬃciency of the ﬂuorescent dye. Ia is the
maximum laser intensity in the focus. As the object
under investigation may have any orientation with respect to the coordinate system, we rotate the coordinate
system around the z-axis by the angle /,
~x ¼ x cos u þ y sin u

ð6Þ

~y ¼ y cos u  x sin u;

ð7Þ

so that the major symmetry axis of the object coincides
~ (Fig. 3a). The
with the ~x-axis of the coordinate system O
function describing the object, vobj(x¢,y¢,z¢), is then, due
to its symmetry (see Fig. 3a), conveniently expressed in
cylinder coordinates, x¢,r,h:
vobj ðx0 ; r; hÞ ¼ v½~x0 d1 dx =2;~x0 dx =2 ðx0 Þ
 v½0;ðdy =2Þf1ðx0 ~x0 þdx =2Þ2 =d 2 g1=2  ðrÞ
1

þ v½~x0 dx =2;~x0 þdx =2 ðx0 Þ  v½0;dy =2 ðrÞ
þ v½~x0 þdx =2;~x0 þdx =2þd2  ðx0 Þ
 v½0;ðdy =2Þf1ðx0 ~x0 dx =2Þ2 =d 2 g1=2  ðrÞ
2

Fig. 3a–c Schematic representation of the three-dimensional
‘‘sausage model’’ and its approximation by a ‘‘slice model’’. a
The position of the object within an image is deﬁned by the
~ ,
coordinates ð~x0 ; ~y0 Þ given in the rotated coordinate system O
where its orientation is deﬁned by the angle / with respect to the xaxis of the coordinate system O. The positions of the center, the
front end, the rear end, the right border and the left border of the
approximated sausage model are given by the points p0, p1, p2, p3
and p4, respectively, as indicated in (b) of this ﬁgure. Inset: CLSM
images of an E. coli bacterium, stained with MitoTracker Orange.
Image size: 61·51 pixels; pixel size: 89 nm; pixel dwell time:
3.45 ls. b ‘‘Slice model’’. Approximation of the sausage model by
a stack of ﬁve rectangular slices and their geometrical parameters. c
Detail: approximation of a hemi-ellipsoidal cap by two slices. For
further details, see text

geneously accumulated a ﬂuorescent dye of concentration ÆCæ, the resulting ﬂuorescence image is given by

0

¼ vobj ðx ; rÞ

ð8Þ

using the characteristic function
v½a;b ðcÞ ¼

1 for a6c6b
0 otherwise:

ð9Þ

Equation 8 has three parts, describing the ﬁrst ellipsoidal cap of the bacterium, the cylindrical middle piece,
and the second cap, respectively. Rewriting Eq. 4 using
the coordinate transformations x¢=x¢, y 0 ¼ r cos h þ ~y0
and z¢=rsinh, and substituting Eqs. 5 and 8 leads to the
three expected intensity contributions of the ﬁrst cap, the
shaft, and the second cap of the bacterium:
Iobj ð~x; ~y Þ ¼ hC i

Zþ1
dx

0

1

Zþ1

Z2p
dr

0

dhr  vobj ðx0 ; rÞ

0

0

Iobj ðx; y Þ ¼ hC i

Zþ1
1

dx0

Zþ1

1

dy 0

Zþ1

 IE ð~x  x ; ~y  ~y0  r cos h; r sin hÞ
cyl
ell1
ell2
ð~x; ~y Þ þ Iobj
ð~x; ~y Þ þ Iobj
ð~x; ~y Þ
¼ Iobj

dz0vobj ðx0 ; y 0 ; z0 Þ

1

 IE ðx  x0 ; y  y 0 ; z0 Þ;

ð4Þ

ð10Þ

cyl
ell1
ell2
ð~x; ~y Þ , Iobj
ð~x; ~y Þ and Iobj
ð~x; ~y Þ
(the full derivations for Iobj
are given in Appendix A).
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Although it is feasible to use Eq. 10 along with the
coordinate transformation (Eqs. 6 and 7) as the function
to be ﬁtted to an experimental image, it is rather timeconsuming due to the numerical evaluation of integrals,
at least on a standard personal computer. Should one try
to use Eq. 10 to calculate the cross-correlation functions
(see below), this problem would become even more
serious. As an example, ﬁtting Eq. 10 to an experimental
image of a ﬂuorescent E. coli of 100·64 pixels takes
three hours on a PC with a Pentium III processor.
We therefore derived an alternative model that allows
much faster evaluation. We approximate the bacterium
by a stack of ﬁve rectangular slices, A through E, as
shown in Fig. 3b. For every slice, the length xU, width
yU and height zU=yU, with U 2 M ¼ fA; B; C; D; Eg ,
were obtained by setting two conditions. First, the total
volume of the sausage and slice models must be equal.
This guarantees the same number of photon-emitting
molecules. Second, we required that the portion of the
slice volume situated outside the sausage (Fig. 3c, see
gray areas of the cross-sections drawn) be minimized.
For the sake of simplicity, prior to carrying out the
optimization procedure, we decomposed the sausage
model into three parts and approximated each part separately (the hemiellipsoidal caps by two slices each and
the cylinder by one slice only). For the hemiellipsoidal
caps, the optimization cannot be solved analytically.
However, the equation of the volume of the two slices
situated outside the cap can easily be derived and its
minimum can be found numerically using, for instance,
Mathematica (Wolfram Research, Champain, IL, USA).
Carrying out this optimization, all of the parameters xU,
yU and zU=yU, with U 2 M , can be formulated as a
function of the underlying object parameters d1, d2 and
dy only (see Appendix B).
Using a stack of slices aids all subsequent calculations
considerably, because the integration variables x¢, y¢ and
z¢ of Eq. 4 now become separable. Evaluating Eq. 4 with
a proper object function describing the slice model leads
to
X
I obj ð~x; ~y Þ ¼
I U ð~x; ~y Þ
U 2M

¼ I A ð~x; ~y Þ þ I B ð~x; ~y Þ þ I C ð~x; ~y Þ
þ I D ð~x; ~y Þ þ I E ð~x; ~y Þ;

ð11Þ

where I U ð~x; ~y Þ, U 2 M, are given in Appendix C. The
ﬁve terms of this expression give the intensity contributions from the ﬁve slices of the model. Following
the substitutions of the Eqs. 6, 7, 38 and 39 of the coordinate and parameter transformations into the derived
Eq. 11, this function can be directly ﬁtted to an experimental ﬂuorescence image yielding the parameters describing the position, orientation, shape and size of the
object. By varying the parameters d1, d2, dx and dy of the
underlying model, the object can easily assume the shape
of a sausage, cigar, ellipsoid or sphere.

Recovery of shape, size, orientation and position of
E. coli from ﬂuorescence images by correlation analysis
Consider a microscope image of a homogeneouslystained bacterium (Fig. 4a). How can the parameters for
its position, orientation, shape and size be obtained by
correlation analysis? We will derive an algorithm that
makes use of both autocorrelation and cross-correlation
image analysis. In the ﬁrst step, the ACFs of the individual images are analyzed to obtain, for each image,
the orientation, shape, and size parameters of the object
of interest. This information is then used to calculate a
template for each experimental image. Second, the crosscorrelation functions (CCF) of the subsequent templates
and images are calculated and analyzed to obtain the
positions of the object in the subsequent images and to
re-evaluate the shape and size parameters of the object
of interest (see below).
The experimental ACF of the image under consideration (Fig. 4a) is shown in Fig. 4b. To obtain the
orientation, shape and size parameters of the object, we
calculated the ACF, G(n,g), of the intensity distribution,
I ðx; yÞ, of the slice model (Eq. 11 with Eqs. 6 and 7), in
other words
Gðn; gÞ ¼

hI ðx; y ÞI ðx þ n; y þ gÞi
hI ðx; y Þi

2

¼

G0 ðn; gÞ
hI ðx; y Þi2

;

ð12Þ

where G¢(n,g) is the unnormalized ACF. The angular
brackets,Ææ, indicate integration over space (Petersen
et al. 1993). As the resulting ACF contains all
free parameters to be obtained, ﬁtting G(n,g) to the
experimental ACF (Fig. 4b) yields the free parameters,
in particular the angle / by which the bacterium is rotated with respect to the x-axis. (Obviously the position
of the object cannot be retrieved in this way.) The noise
components of the original image give rise to a peak at
the origin of the ACF (barely seen in Fig. 4b). The width
of the peak depends on the noise spectrum of the image
and in any case aﬀects the accuracy of the calculated
shape and size parameters. Before evaluating the ACF,
we therefore replaced the central peak by an ‘‘appropriate’’ value. This was achieved in three steps. First, the
central value was replaced by the mean of the nearest
neighbors. Second, a 2-D Gaussian distribution was
ﬁtted to the ACF center and its four nearest neighbors
(Cheezum et al. 2001), and third, the central ACF value
was replaced by the maximum of the ﬁtted Gaussian
distribution.
Finally, the parameters obtained from the ACF ﬁt
were used to generate a template of the bacterium centered at the middle of an image (Fig. 4c).
The next step was to calculate the CCF of the original
image (Fig. 4a) and the template (Fig. 4c), as shown in
Fig. 4d. To obtain the shape and position parameters of
the object, this ‘‘experimental’’ CCF needs to be ﬁtted
using a model CCF that contains these parameters.
Therefore, we calculate the theoretical CCF of the in-
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Fig. 4a–c Correlation image analysis. a Intensity distribution of an
E. coli bacterium, stained with MitoTracker Orange. The
corresponding CLSM-image is shown in the inset. Image size:
100·64 pixels ; pixel size: 88 nm; scan time per frame: 64.64 ms. b
ACF of the image shown in (a). Fitting the theoretical ACF G(n,g)
(2)
(1)
(2)
(Eq. 33 together with Eqs. 6 and 7, with d(1)
1 =d1 , d2 =d2 ,
(1)
(2)
(1)
(2)
dx =dx and dy =dy ) gave: dx=2196.7 nm, d1=576 nm,
d2=448.2 nm, dy=1001.2 nm and /=0.556. These data result in
an E. coli length of d=d1+dx+d2=3220.8 nm. c Template for the
E. coli bacterium; in other words the intensity distribution I obj ðx; yÞ
(Eq. 11 with Eqs. 6, 7, 38 and 39) of the slice model calculated
using the parameters obtained from the ACF analysis. d CCF of
the CLSM image shown in (a) and its template shown in (c)
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As an example, let us consider the two central slices of
the models and their contribution to the CCF. After
substituting the object functions of the central portions
(Fig. 5),
ð1Þ
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tensity distribution I ð1Þ ðx; yÞ of a slice model with free
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and
As the template derived from the object image and the
object itself have the same orientation / with respect
to the x-axis (Fig. 5), we can start out to derive the
~ As
CCF G0 ~
n; ~
g as given in the rotated system O.
above, the slice model images comprise the intensity
distributions of the ﬁve slices A, B, C, D, and E, in
other words
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into Eq. 4, we get the respective images of slices C,
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so that the theoretical CCF is a sum of 25 terms,
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ð1Þ
ð2Þ
ð1Þ
with d~CC ¼~x0 ~x0 and d~y ¼~y0 ~y0 . Finally, this
equation can be reduced to an equation that requires
the calculation of exponential and error functions
only:

G0CC
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Fig. 5 Schematic representations and parameters of two displaced
slice models. Both objects have the same orientation with respect to
the x-axis of the coordinate system O. The intensity distributions of
ð1Þ
ð2Þ
the objects are denoted by I obj ð~x; ~y Þ and I obj ð~x; ~y Þ, respectively
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where q1=gQIaÆC1æ and q2=gQIaÆC2æ, with ÆC1æ and
ÆC2æ being the respective dye concentrations in the slice
models. Substituting Eqs. 20 and 21 into Eq. 17 results
in the CCF component of these slices,
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The other 24 terms of the CCF G0 ~n; ~g (Eq. 16) can be
obtained from Eq. 23 by using the appropriate slice
distances. For example, for the case of the CCF component resulting from the intensity distributions of slice
A of the ﬁrst object and slice D of the second one (see
Fig. 5),
ð1Þ

ð1Þ

ð2Þ

ð2Þ
x
x
x
x
ð1Þ
d~AD ¼ d~CC þ C þ xB þ A þ C þ D :
2
2
2
2

ð26Þ

By expressing the distances of the slices in the suggested way, the parameter d~CC will serve as the only
parameter that accounts for the displacement between
both slice models along the ~x-axis. The parameter d~y ,
describing the displacement between both models with
respect to the ~y -axis, is identical for all slices A
through E and does not need to be replaced. Finally,
(2)
(1)
(1)
(2)
(2)
the size parameters x(1)
C , xC , yC =zC and yC =zC
have to be replaced by the corresponding parameters
(2)
(1)
(1)
(2)
(2)
x(1)
A , xD , yA =zA and yD =zD of the slices A and D
of the models.
Up to this point we have used the unnormalized CCF
G0 ~n; ~g (Eq. 16). The normalized CCF G ~n; ~g is given
by
P
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are markedly faster. However, the slice model can
only be preferred if the error introduced by approximating the sausage model by slices is acceptable.
As shown in Appendix D, the slice model gives
reliable results when used to determine the absolute
length of sausage-like objects such as E. coli bacteria,
or when used to detect relative length and width
changes. In the following analysis we therefore use the
slice model.

(i=1,2) and thus
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This CCF does not depend on the constants q1=gQIaÆC1æ and q2=gQIaÆC2æ because the constants cancel in
Eq. 30. Evaluating normalized experimental correlation
functions is therefore useful if the ACFs and CCFs of
images of objects with diﬀerent dye concentrations are to
be compared. With the factor G0 as an additional ﬁt
parameter, however, G ~
n; ~
g (Eq. 32) can be used together with the coordinate and parameter transformations (Eqs. 6, 7, 38 and 39) to analyze both experimental
unnormalized and normalized ACFs and CCFs.
Finally, we must account for the fact that all experimental images show some background noise around
the actual object, leading to non-zero oﬀsets in the experimental ACF and CCF, respectively (Fig. 4b, d). The
model CCF obviously does not include such noise. To ﬁt
the model CCF to the data CCF we therefore add a
constant term gB to the CCF derived above to account
for this oﬀset:
X
Gðn; gÞ ¼ gB þ G0
g0UV ðn; gÞ:
ð33Þ
U ;V 2M

Results and discussion
Geometry choice for the E. coli model
Of the two models derived above (the sausage model
and the slice model), algorithms using the slice model

ð29Þ

The method of choice: convolution versus correlation
analysis
Consider the E. coli shown in Fig. 4a, and an x-section through it at y=30 (Fig. 6a, noisy curve). The
ﬂuorescence intensity distribution of the slice model
(Eq. 11 including Eqs. 6 and 7) is then ﬁtted to the
bacterium’s image, and a section through the resulting
function, I obj ðx; yÞ, at y=30 is given by the
continuous curve in Fig. 6a. Obviously, the question
here is how well the size and the shape are approximated. Before answering this we applied the second
method, using the auto- and cross-correlation
functions as outlined in the ‘‘Theory’’ section. The
continuous curve in Fig. 6b shows the experimental
CCF resulting from the correlation of the original
image and the template function (the template built
via the ACF). On the other hand, the dashed curve of
Fig. 6b is the model CCF calculated from a template
with ﬁxed parameters and a template with free parameters to be ﬁtted. Fitting the model CCF G(n,g)
(Eq. 33 with Eqs. 6 and 7) to the experimental one
yields the free parameters. The ﬁt appears to follow
the data in a satisfactory way. Here again the question
is how well the bacterium’s size and the shape are
approximated.
It is intrinsically impossible to give an answer to this
question relying only on calculations like those shown
above. Instead one has to start out with an object of
known geometrical parameters. The procedure for
determining the precision of either algorithm using a
known object is as follows. First, one deterministic image is generated by calculating the intensity I obj ðx; yÞ for
a slice model (Eq. 11 with Eqs. 6 and 7) with zero
background (IB=0), assuming known, constant, and
morphologically realistic E.coli parameters. We chose an
object of 3.2 lm length and 1 lm width with its long
axis parallel to the x-axis of the image, located at the
center of the image (for parameters used, see legend of
Fig. 7). Second, Poisson noise is added to the deterministic image so that the resulting test image has a wellknown SNR (calculated according to Eq. 2), and third,
this procedure is repeated for a number of images (here
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n=100). In this way we obtained a sequence of images of
ﬂuorescent objects, all with basically the same shape and
size, with random noise superimposed, and with a constant mean SNR. Sets containing 100 images each were
then generated for a number of diﬀerent SNR values. To
obtain the object parameters (see below) from 100
images of 96·30 pixels took the correlation algorithm
50 hours on a PC with a Pentium III processor,
whereas the convolution algorithm needed 30 minutes
for the same task. We should point out that our implemented IDL algorithms were not optimized for fast
image processing (so the use of thorough matrix-based
image ﬁtting algorithms would reduce the processing
time markedly). Another future improvement will come
from an increase in PC processor speed.
In the next step, the convolution and correlation
methods were applied to each of the 100 images of a set,
thereby resulting in 100 values per parameter and algorithm, as well as one average value and one standard
deviation for each parameter. Here it is important to
regard the precision and the accuracy of an algorithm
separately. The standard deviation r is a measure of the
range within which a ﬁtted parameter can fall, it describes the precision of the algorithm. The accuracy of
both algorithms for detecting the characteristic object
points p0(x), p0(y), p1(x), p2(x), p3(y), p4(y) (see Fig. 3b),
the length d and the width dy of the object, are obtained
by calculating the bias of the detected parameters (the
deviation of the mean values of the measured parameters
from the known exact parameters). We then plotted r
and the bias of the object points, the length d and the
width dy as a function of the SNR ratio (Fig. 7a and b).
The algorithms were applied as follows.
As described in the ‘‘Theory’’ section, the convolution method is based on ﬁtting a theoretical intensity
distribution of a model object to the measured image of
the object of interest. Here, the intensity distribution
I obj ðx; yÞ (Eq. 11 with Eqs. 6 and 7) of the slice model
was ﬁtted to each of the successive simulated images.
The free parameters to be ﬁtted were the length d1=d2 of
the caps of the object, the length of the middle part dx,
the object’s diameter dy and the object’s center
p0=(x0,y0) (Fig. 3b) (both the background constant
IB=0 and the angle /=0 were ﬁxed). These parameters
were then used to calculate the object points of interest.
The correlation method was applied as described
above. First, the ACF of an image was calculated and its
central peak at the origin was replaced by an appropriate
value as outlined in the ‘‘Theory’’ section. The theoretical
ACF (Eq. 33 with Eqs. 6 and 7) was then ﬁtted to the
resulting experimental ACF. The free parameters were
the size parameters d1(1)=d1(2)=d2(1)=d2(2), dx(1)=dx(2) and
dy(1)=dy(2) of the object (see Fig. 5) (here, the displacement parameters d~CC ¼ 0 and d~y ¼ 0, the background
constant gB=0 and the angle /=0 were ﬁxed). The resulting object parameters were then used to calculate the
intensity distribution I obj ðx; yÞ of the template (see
above). Second, the CCF of the template and the simulated image was ﬁtted by the theoretical CCF G(n,g)

(Eq. 33 with Eqs. 6 and 7) to obtain the position of the
object and to re-evaluate its size parameters. The free
(1) (1)
(1)
parameters were the parameters d(1)
1 =d2 , dx , dy of the
object and the displacement parameters d~CC and d~y . The
(2)
(2)
parameters d(2)
and d(2)
of the template,
1 =d2 , dx
y

Fig. 6a–b Comparison of convolution and correlation analysis. a
x-sections through the experimental intensity distribution of the E.
coli bacterium shown in Fig. 4a (noisy trace) and through the ﬁtted
theoretical distribution I obj ðx; yÞ (Eq. 11 with Eqs. 6, 7, 38 and 39)
of the slice model (smooth solid line), both at y=30. Result of the
ﬁt: dx=2129.2 nm, d1=664.6 nm, d2=445.4 nm, dy=964.2 nm
and /=0.5609 (v2=17946.66). These data result in an E. coli
length of d=3239.3 nm. Fitting the intensity distribution Iobj ð~x; ~y Þ
(Eq. 10 with Eqs. 6 and 7) of the sausage model gave:
dx=2152.7 nm, d1=620.5 nm, d2=467.4 nm, dy=1009.1 nm and
/=0.5611 (v2=17190.81). In this case, the E. coli length is
d=3240.6 nm. b n-sections through the maximum of the
experimental CCF shown in Fig. 4d (solid line) and through the
ﬁtted theoretical CCF G(n,g) (Eq. 33 with Eqs. 6 and 7, dashed
line). Result of the ﬁt: dx=2186.8 nm, d1=613.9 nm,
d2=428.6 nm, dy=1002.1 nm and /=0.5558 (v2=1.7759·106).
These data result in an E. coli length of d=3229.3 nm
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b
Fig. 7a–d Summary of precision and bias for the convolution and
correlation algorithms analyzed by computer simulations (ACA:
autocorrelation analysis; CA: correlation analysis; CPA: convolution product analysis). a Precision of both algorithms as a
function of the SNR for determining the indicated parameters of
the model object. Parameters used: d1=d2=5.5 pixels, dx=25 pixels, dy=11 pixels and /=0; pixel size: 88 nm; image size:
96·30 pixels (the corresponding bias of the measured parameters
is shown in (b)). b Bias (deviation between the mean values of the
measured parameters and the known exact parameters as a
function of SNR). c Precision as a function of object size. Here,
the underlying object was a box of length dx and width dy=11. Its
intensity distribution was calculated based on the intensity
distribution I obj ðx; yÞ (Eq. 11 with d1=d2=0) of the slice model.
The mean SNR of the simulated images was 11. The image height
was 30 pixels, whereas its width was adapted to the current box
length dx (the ratio of image height and box width dy was equal to
the ratio of image width and box length dx for all images
simulated). d Corresponding bias of the determined parameters as
a function of box length dx. The parameter names corresponding
to the colored solid and dashed data traces shown left and right
of (b), (c) and (d) are given on the left and right sides of (a) of
this ﬁgure, respectively

the background constant gB=0 and the angle /=0 were
ﬁxed. The characteristic object points p0 to p4 were then
calculated based on the known position of the template
and the resulting displacement and size parameters of the
object.
The results of these calculations are shown in Fig. 7a
and b, and can be summarized as follows:

1. The precision of either algorithm strongly increases
(r decreases) with increasing SNR
2. The object’s diameter dy can be determined more
precisely than its length d (convolution analysis: 3.8fold more precisely; correlation analysis: 5.3-fold)
3. The left and right borders p3(y) and p4(y) of the object
are detected more precisely (smaller r), than the front
and rear end p1(x) and p2(x) (convolution analysis:
3.4-fold more precisely; correlation analysis: 4.6-fold)
4. The position of the object’s center with respect to the
y-axis (p0(y)) can be determined more precisely than
the object’s center with respect to the x-axis (p0(x))
(convolution analysis: 2.3-fold more precisely; correlation analysis: 3.1-fold)
5. The position of the object’s center p0(x) can be detected more precisely than the positions p1(x) and
p2(x) of the front end and rear end of the model
(convolution analysis: 2.6-fold more precisely; correlation analysis: 2.3-fold), and the position of the object’s center p0(y) can be determined more precisely
than the positions p3(y) and p4(y) of the left and right
border (convolution analysis: 1.8-fold more precisely;
correlation analysis: 1.6-fold)
6. The convolution method results in smaller ﬂuctuations for the length d (1.3-fold smaller), the positions
p1(x) and p2(x) of the front end and rear end (1.3-fold
smaller) and the object’s center p0(x) (1.5-fold smaller) than the correlation method
7. The object’s diameter dy resulting from the correlation method shows smaller ﬂuctuations than the
diameter resulting from the convolution method (1.1fold smaller)
Taken together, the results (Fig. 7a) indicate that
the precision of either algorithm strongly depends on
both the SNR of the images and the size of the object
(compare the left and right parts of Fig. 7a). While
the convolution algorithm leads to a more precise
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estimate for the object length d, the correlation algorithm results instead in a more precise diameter dy.
How can this result be explained? The precision of the
correlation algorithm depends on the slope of the
correlation function (Walker et al. 1994). For instance,
increasing the object length in the x-direction (while
the width is kept constant) results in a broader and
shallower correlation function in the x-direction. This
eﬀect reduces the detection precision of the edges of
the underlying object which are perpendicular to this
axis. This does not apply, however, to the convolution
algorithm. An increase, for example, in the length dx
of the object’s middle part (see Fig. 3a) (while all
other parameters are kept constant) leaves the
intensity distribution at the edges of the object
unchanged provided that the diameter of the confocal
detection volume (or the point-spread function of the
microscope) is small compared to the length dx; in
other words 2rxy<dx. In this case, the detection
precision of the object’s rear and front end p1(x) and
p2(x) (the positions of the edges perpendicular to the
x-axis) should be unchanged, whereas the detection
precision of the object’s left and right border p3(y) and
p4(y) (the positions of the edges parallel to the x-axis)
should increase. The latter eﬀect is a direct consequence of the increased number of data points that
form the borders of the object parallel to the x-axis.
To conﬁrm these statements we analyzed the detection precision of the characteristic object points p0(x),
p1(x), p2(x), p0(y), p3(y), p4(y), as well as the length dx
and the width dy of the object as a function of the length
dx of the underlying object. To allow a direct comparison between the detection precision of the edges along
the x- and y-axes, we analyzed simulated images of a
simple theoretical dye-ﬁlled box of length dx and width
dy. For each parameter combination we simulated a set
of 500 images with a mean SNR of 11 (for parameters
used, see legend of Fig. 7) and applied the convolution
and correlation algorithm.
The results in Fig. 7c obviously conﬁrm that the detection precision of the object points p0(x), p1(x) and
p2(x) with respect to the x-axis resulting from the convolution method does not depend on the length dx of the
underlying object (dx>2rxy), whereas the precision resulting from the correlation method decreases (r increases) with increasing length dx (left part of Fig. 7c).
Also, the detection precision of the object points p0(y),
p3(y) and p4(y) with respect to the y-axis increases with
increasing length dx for either algorithm (right part of
Fig. 7c). As expected, the corresponding bias of the
measured parameters is signiﬁcantly smaller in this case
compared to the bias of the simulations above (Fig. 7b
versus Fig. 7d) because of the higher number of images
simulated for each parameter combination (500 instead
of 100). Also, the bias for the measured parameters is
within the same range for either algorithm (Fig. 7d).
From the data shown in Fig. 7c (left part) it is
apparent that the length dx resulting from the correlation method shows smaller ﬂuctuations than the length

resulting from the convolution method if the length of
the object is smaller than 7.5rxy (rxy=2.5 pixels). For
dx<5.5rxy and dx<3.5rxy, respectively, this is also true
for the object points p1(x) and p2(x) and the object’s
center p0(x), respectively (Fig. 7c, left part). Taken together, the correlation algorithm results in more precise
estimates than the convolution algorithm if the diameter
of the object is smaller than about four to ﬁve times the
waist radius rxy.
This result suggests that when tracking small objects
(small ﬂuorescence-labeled vesicles or ﬂuorescent molecules), the two-step correlation algorithm presented here
is the method of choice in terms of precision. For example, analyzing a set of 500 simulated images
(rxy=2.5 pixels) of a stationary dye-ﬁlled box with a
length and width of only one pixel (with a typical pixel
size of 100 nm this would correspond to the size of a
small vesicle), results in 1.5-fold more precise object
positions p1(x), p2(x), p3(y), p4(y), length dx and width
dy, and in a 1.24-fold more precise object center p0(x)
and p0(y), respectively.
The most plausible explanation for this outcome is
the noise reduction due to the correlation analysis,
which has obviously a larger eﬀect in the case of small
objects. For larger objects, the reduction in the precision due to the decreased slope of the correlation
function dominates as discussed above. In contrast to
the common cross-correlation algorithms that use a
ﬁxed template (or kernel), each image of a sequence has
its own optimized template, and, therefore, the ﬁlter
eﬀect due to the cross-correlation calculation is optimal. As outlined above, the template’s parameters are
derived from the ACF analysis. (Alternatively, the
template could be determined using the convolution
method, the advantage there being speed.) We have
shown (Fig. 7b) that accurate object parameters can be
obtained from the ACF analysis despite the replacement of the central ACF peak by an appropriate value,
as described in the ‘‘Theory’’ section. Ideally, the
intensity distributions of the wild-type object and the
templates of the object have the same spectra. Therefore, a part of the superimposed noise spectrum is
suppressed in an optimal way. Because the theoretical
correlation function G(n,g) (Eq. 33, together with 6 and
7) does not contain any noise (it instead contains the
background constant gB), the ﬁt algorithm results in
more precise parameters. An increased object diameter
leads, however, to a decreased correlation function
slope and thus to a reduced edge detection precision.
This eﬀect is contrary to the noise removal performed
by correlation analysis.
At this point in our study, the appropriateness of the
slice model has been demonstrated, the convolution
analysis has been found to give more precise estimates
than the correlation method for the front and rear end of
the bacteria, and it has been shown that the precision of
either algorithm increases with increasing SNR. These
results now allow us to analyze image sequences of
E. coli using the convolution algorithm.
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Image analysis of stationary E. coli

Fig. 8a–c CLSM measurement and convolution analysis of a
stationary E. coli bacterium stained with MitoTracker Orange. a
Intensity distribution of the bacterium (ﬁrst image of a sequence of
100 measured images). Image size: 98·64 pixels; pixel dwell time:
3.45 ls; pixel size: 88 nm. b Fitted theoretical intensity distribution
I obj ðx; yÞ of a slice model (Eq. 11 with Eqs. 6, 7, 38 and 39). Result
of the ﬁt: dx=2448.9 nm, d1=495.4 nm (d2=d1, ﬁxed),
dy=804.5 nm, IB=0.85308, ~x0 =1.525 pixels; ~y0 =62.165 pixels
and /=2.21297 (v2=13005.65). These data result in an E. coli
length of d=3439.7 nm. c x-sections through the experimental and
ﬁtted intensity distributions at y=45. The mean SNR of the images
was 11.21±0.43

As experimental examples, we took sequences of stationary E. coli, with sequences taken at diﬀerent levels of
E. coli staining. Figure 8a shows the ﬁrst image of a
sequence of 100 images and (b) shows the intensity
I obj ðx; yÞ of the slice model ﬁtted to it. A x-section
through the experimental and theoretical intensity distribution at y=45 is shown in Fig. 8c. The ﬁtting procedure easily yields values for the ﬁve points indicated in
the inset of Fig. 9a, namely the center, the front end, the
rear end, the right border and the left border of the
bacterium, indicated by p0, p1, p2, p3, p4. When these
values are plotted for the 100 images of a sequence
(Fig. 9a, right), the ﬂuctuations of these points can
hardly be noticed. In (b) of this ﬁgure we therefore
plotted the trajectories of the ﬁve characteristic points,
p0, p1, p2, p3, p4, of the bacterium at higher magniﬁcation, leaving their relative orientation unchanged (their
distances from each other are therefore not to scale).
This ﬁgure clearly demonstrates (i) that while the center
(p0) exhibits the smallest ﬂuctuations, the front (p1) and
rear end (p2) exhibit the largest ones, and (ii) that the
ﬂuctuations are anisotropic, the ﬂuctuations in the direction of the bacterium’s major symmetry axis being
markedly larger (Fig. 9c). Table 1 gives the standard
deviations of the ﬁve points in the ~x - and ~y -directions of
~ Carrying out the analysis using
the coordinate system O.
the additional constraint d1=d2=dy/2, (with the same
number of ﬁt parameters for the length and the width of
the object) results in slightly smaller standard deviations
for the front and rear end (r~x ðp1 Þ=13.2 nm and
r~x ðp2 Þ=15.5 nm), while the values for the other parameters (see Table 1) do not change signiﬁcantly.
When the same experiment was carried out at a higher
level of E. coli staining and at a ﬂuorescence emission
where the avalanche photodiode saturates, the shape of
the image (Fig. 10a) as well as that of the model (Fig. 10b)
changes characteristically in that the maxima become
approximately ﬂat planes. A y-section through the experimental and theoretical intensity distribution at x=37
is shown in Fig. 10c. An additional reason for the
pronounced ﬂat intensity maximum is the larger diameter
of the E. coli compared to the diameter of the bacterium of
the ﬁrst experiment, shown in Fig. 9a. Plotting the same
ﬁve points as before (Fig. 11a and b) clearly indicates
that the precision at which the points can be determined
is higher at higher photon count rates (Table 2).
Although the detection of photons at count rates
above 1 Mcps is in the non-linear range of the APD
(Fig. 2a, inset), the bias caused by the non-linearity of
the APD for detecting relative displacements is small
compared to the experimentally-achievable precision.
Correcting for the non-linearity, in other words calculating the deadtime-corrected intensity distribution
I 0obj ðx; yÞ (see legend of Fig. 2a) from the ﬁtted intensity
distribution shown in Fig. 10b, and re-evaluating the
resulting corrected distribution with the intensity distribution I obj ðx; yÞ demonstrates that small symmetric
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Fig. 9a–c Result of the convolution analysis of an image sequence
taken of an immobile E. coli bacterium (the ﬁrst image of the
sequence is shown in Fig. 8a).a Trajectories of the estimated
positions of the characteristic object points p0, p1, p2, p3 and p4
(middle part of the ﬁgure). A schematic of the model object with
the indicated object points is drawn on the left part of the ﬁgure. b
Trajectories of the positions at higher magniﬁcation with unchanged relative orientation (the distances between the trajectories
of the characteristic points are not to scale). c Distributions of the
measured distances, ~x00 ¼ ~x0  h~x0 i and ~y 00 ¼ ~y0  h~y0 i , from the
mean localized object center hp0 i ¼ ðh~x0 i; h~y0 iÞ with respect to
~
the ~x - and ~y -axes of the rotated coordinate system O
Table 1 Standard deviations r~x and r~y of the localized object
points p0 to p4 shown in Fig. 9a and b
Object point

p0

p1

p2

p3

p4

r~x (nm)
r~y (nm)

8.4
4.3

21.6
7.3

18
9.2

8.9
6.1

8.1
6.2

and the resulting deadtime-corrected intensity distribution using the distribution I obj ðx; yÞ of the slice model.
This results in a detected length increase for the object of
Dd=0.093 pixels. For a pixel size of 88 nm, this deviation corresponds to a few Angstroms and is thus not
signiﬁcant here.
As pointed out in the ‘‘Methods’’ section, the deadtime of the APD results in an increased relative standard
deviation of the photodetector count rate and therefore
in a reduced SNR of the experimental images. Furthermore, small thermal ﬂuctuations of the E. coli
membrane and small movements of the bacterium itself
might have contributed to the measured precision. The
measured standard deviations for the object points
(Table 1 and 2) thus reﬂect the upper limits for the
precision that can be achieved. Taken together, these
results clearly demonstrate that the position and size
parameters of objects such as bacteria can be determined
well below the resolution limit of the objective.

Conclusions and perspective

and asymmetric length changes can still be detected
precisely. This can be illustrated as follows: let us ﬁrst
increase the length of the model object by
Dd=Ddx=0.1 pixels (all other parameters kept unchanged; for parameters used, see legend of Fig. 10),
then re-calculate both the corresponding theoretical
distribution I obj ðx; yÞ and its deadtime-corrected
intensity distribution I 0obj ðx; yÞ, and ﬁnally ﬁt the former

In this paper we have provided algorithms that allow the
tracking of ﬁnite microscopical regularly shaped objects,
determining their position, orientation and size parameters. Whereas the tracking of point sources has been
dealt with in detail (see, for example, Saxton and Jacobson 1997), simultaneous measurement of position,
shape and size parameters of ﬁnite living particles at the
nanometer scale has as yet not been reported. In order to
demonstrate the precision of the algorithms we restricted
our study to stationary objects, but the algorithms can,
without any change, be applied to moving particles.
However, caution is necessary when applying the algorithms to images of objects with a component of
movement along the optical axis, as a vertically-tilted
object would appear shorter than it actually is. Hence,
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Fig. 11a–b Results from the convolution analysis of an image
sequence taken of a stationary E. coli bacterium at high
ﬂuorescence emission (the ﬁrst image of the image sequence is
shown in Fig. 10a). a Trajectories of the estimated positions of the
object points p0, p1, p2, p3, p4. b Higher magniﬁcation with
unchanged relative orientation (distances between the characteristic
points not to scale)
Table 2 Standard deviations r~x and r~y of the localized object
points p0 to p4 shown in Fig. 11

Fig. 10a–c CLSM measurement and convolution analysis of an
immobile E. coli bacterium stained with MitoTracker Orange.a
Intensity distribution of the bacterium (ﬁrst image of a sequence of
120 measured images). Image size: 100·64 pixels; pixel dwell time:
3.4 ls; pixel size: 88 nm. b Fitted theoretical intensity distribution
I obj ðx; yÞ of a slice model (Eq. 11 with Eqs. 6, 7, 38 and 39). Result
of the ﬁt: dx=2294.3 nm, d1=826.7 nm (d2=d1, ﬁxed),
dy=1363.2 nm, IB=0.7036, ~x0 =49.811 pixels; ~y0 =0.1377 pixels
and /=0.647 (v2=20138.71). These data result in an E. coli length
of d=3947.8 nm. c y-section through the experimental and ﬁtted
intensity distribution at x=37 . The mean SNR of the images was
16.34±0.37

Object point

p0

p1

p2

p3

p4

r~x (nm)
r~y (nm)

3.7
1.9

8.7
4.1

6.7
4.5

3.7
3.8

4.1
4.6

biological processes that can easily be investigated
would be, for instance, the axonal or dendritic transport
of vesicles or mitochondria along microtubules oriented
parallel to the cover slip. Researchers in this ﬁeld might
ﬁnd our algorithms particularly useful because they allow, for the ﬁrst time, the study of sub-microscopic
movement-related changes of size and shape of the objects under investigation. The feasibility of such measurements, however, will depend on the velocity of the
underlying process. For a given process, a suﬃciently
small image aquisition time will be necessary to prevent
apparent size changes in the object due to motion blur.
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The algorithms were quantitatively compared to each
other using computer simulations. The correlation algorithm is based on both the autocorrelation analysis of
an image and the cross-correlation analysis of an image
and its individually-optimized template (calculated from
its ACF). Taking into account the entire two-dimensional distribution of the correlation functions, the
correlation algorithm results in more precise parameters
than the convolution algorithm if the object to be
tracked has a diameter smaller than about four to ﬁve
times the waist radius rxy, whereas the convolution algorithm is more precise if the size of the object exceeds
this value. The choice of the appropriate algorithm is
therefore a question of the object’s size. As the convolution algorithm incorporates the frequently-used
Gaussian ﬁt algorithm (Anderson et al. 1992; Schütz
et al. 1997; Yildiz et al. 2003), it can further be pointed
out that the correlation algorithm introduced is also
superior to the Gaussian ﬁt algorithm, leading to more
precise estimates in cases where single ﬂuorescent molecules are to be tracked. This is not necessarily true,
however, for other correlation algorithms (Cheezum
et al. 2001), that take into account only the peaks of the
two-dimensional cross-correlation functions.
The precision by which the object‘s size and position
parameters can be determined is remarkable. At high
intensity signals, the precision can be driven to the lower
nanometer range. The quality of the ﬁt of the above
delineated models to the experimental data depends on
the number of photons gathered and the signal-to-noise
ratio. With respect to the photon detection eﬃciency and
the negligible dark-count rate, the APD is an ideal
sensor at low count rates. However, as we demonstrated
with our experiments, the smaller dynamic range of the
APD becomes limiting at count rates above 1 MHz. To
avoid deadtime corrections and to further increase the
signal-to-noise ratio of the images and thus the precision
of the measurements, the use of a low-noise PMT or
back-illuminated CCD-camera (in combination with
wide-ﬁeld microscopy) is recommended when measuring
predominantly high intensity signals.
We have compared the sausage model and the slice
model in detail and demonstrated that the slice model is
an excellent approximation of a sausage-like object, such
as an E. coli bacterium, if the geometrical parameters of
the slices are properly chosen. As Cheezum et al. (2001)
pointed out, there is usually no a priori information
concerning the precise shape of the object to be measured.
Imperfections in the shape could potentially lead to unprecise measurements. Generally, the best ﬁtting geometrical model has to be adopted. Further, inhomogeneous
staining of the object under investigation (especially at
the object boundaries) could bias the measurement. It will
therefore be necessary to optimize the labeling technique
(using exogenous dyes or ﬂuorescent genetic markers) to
achieve suﬃcient homogeneous object staining and to
ﬁnd out the most appropriate model for every object
under investigation. However, the sausage model can be
applied to a number of regularly-shaped organelles.

Choosing a model consisting of a stack of slices thus has
two advantages. First, it is useful for diﬀerent object
shapes. Second, processor time is markedly reduced due
to the separation of integration variables.
Beyond providing algorithms for the measurement
and tracking of ﬁnite microscopical objects, we show
that a precision in the low nanometer range can be
achieved in vitro from the properties of the optical
conﬁguration of our set-up. The achievable tracking
precision for in vivo measurements, however, will depend mainly on the labeling technique (ﬂuorescence
yield of the organelle under investigation versus background ﬂuorescence from the surrounding cytoplasm
and the cytoskeleton), the distance between labeled organelles, and the quality of the photon detection system.
We reason that, when using both an optimized microscopy set-up and ﬂuorescent genetic markers, signal-tonoise ratios between 5 and 20 and even beyond will be
achievable. Thus a tracking precision down to a few
nanometers could be achievable when studying, say,
organelle transport in axons and dendrites of cultured
neurons. Using our ﬁnite-particle tracking (FPT) algorithms, for instance in the motor protein ﬁeld, will presumably allow the measurement of movement-related
size changes of intracellular cargoes such as mitochondria or vesicles.

Appendix A
Derivation of Eq. 10 leads to the three intensity contributions of the ﬁrst cap, the shaft, and the second cap of
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Appendix B

xA ¼0:305579  d1
xB ¼0:585352  d1
xE ¼0:305579  d2

ð38Þ
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Carrying out the numerical optimization procedure for
the hemiellipsoidal caps leads to the following parameters for the slices:
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of the middle slice of length xC=dx (see Fig. 3b) follows directly from the requirement that the cylinder
and slice volume be identical, in other words p d2ydx/
4=y2Cdx.
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Appendix C
The ﬁve intensity distributions describing the the slice
model (Eq. 11), are given by
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Appendix D
The slice model can only be preferred if the error introduced by approximating the sausage model by slices
is acceptable. The question to be answered here is
therefore: how well does the slice model approximate the
sausage model?
Let us adopt the sausage model assuming morphologically-realistic E.coli parameters, and then calculate
the resulting ﬂuorescence intensity Iobj(x,y) according
to Eq. 10 (Fig. 12a). A cross-section at y=32 through
its maximum is shown by the continuous curves shown
in (b) and (c) of this ﬁgure. Then we ﬁt the intensity
distribution I obj ðx; yÞ (Eq. 11 with Eqs.38 and 39) of
the corresponding slice model to the calculated
intensity distribution of the sausage model. A section
through this function at y=32 gives the dashed curve
shown in Fig. 12b. Though the maximum amplitude of
the sausage object is underestimated by the slice model
ﬁt, the front and rear edge of the intensity distribution
are almost perfectly ﬁtted (Fig. 12b, dashed versus
c
Fig. 12a–c Intensity distribution of the sausage model and its
approximation by the intensity distributions of a slice and a box
model, respectively.a Theoretical distribution Iobj(x,y) (Eq. 10,
x ¼ ~x and y ¼ ~y ) of the sausage model, calculated with the
parameters: dx=25 pixels, d1=d2=5.5 pixels, dy=11 pixels, /=0
and p0=(49,32). E. coli length: d=36 pixels. b x-section through
the intensity distribution of the sausage model shown in (a) (solid
line) and through the ﬁtted intensity distribution I obj ðx; yÞ (Eq. 11
with Eqs. 6, 7, 38 and 39) of the slice model (dashed line) both at
y=32. Result of the ﬁt: dx=24.7 pixels, d1=5.66 pixels,
d2=5.658 pixels, dy=10.492, x0=49 pixels, y0=32 pixels and /
=0 (v2=5456.97). These data result in an object length of
d=36.018 pixels.c Fitting the intensity distribution of a simple
box model (Eq. 11 with d1=d2=0) gave (dashed line):
dx=32.886 pixels, dy=10.3 pixels and /=0 (v2=15250.22)

continuous curve) due to the good approximation of
the bacterium’s caps by the stack of slices (Fig. 3c). As
the front and rear edge of the intensity distribution are
well described by the intensity distribution of the slice
model,
the
resulting
length
parameter
of
d=36.018 pixels is in good agreement with the length
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of d=36 pixels of the underlying sausage model. For a
given pixel size of 88 nm, this corresponds to a deviation of 1.6 nm, much smaller than the experimental
precision that can be achieved under our conditions
(see below).
The negligible error of the slice model approximation
suggests that a simple box model (a slice model with just
one slice) might be suﬃcient to approximate the sausage
model. However, assuming a slice model with d1=d2=0
(just one box without the hemiellipsoidal caps attached
to it, Fig. 3), a clear deviation between the distributions
is seen at the edges (Fig. 12c). A box model is thus too
coarse for assessing the bacterium’s edges. This is also
reﬂected in the larger deviation between the resulting
width of dy=10.492 of the box model and the exact
width of dy=11 pixels of the sausage model. For the
same pixel size, this would correspond to a bias of
51 nm. The reason for this discrepancy is obviously the
mismatch between the rectangular cross-sections of the
slice model and the circular cross-sections of the sausage
model. If the slice model is used instead for determining
the relative displacements of the left and right borders of
the sausage model, the bias becomes much smaller: increasing the width dy of the sausage model from
11 pixels to 11.1 pixels (all other parameters kept unchanged, see legend of Fig. 12), and analyzing the resulting intensity distribution Iobj(x,y) with the
distribution I obj ðx; yÞ of the slice model, results in a
width of dy=10.59 pixels. The detected increase of the
width of the object of Ddy=0.098 pixels is in excellent
agreement with the exact change of 0.1 pixels. For a
pixel size of 88 nm, the deviation would therefore be a
few Angstroms. Another convenient feature of the slice
model is that small length changes of a non-symmetric
sausage model (d1 „ d2) can be detected using a symmetric slice model (d1=d2, ﬁxed). This feature allows us
to reduce the number of ﬁt parameters. For example,
increasing the length of the left hemiellipsoidal cap of
the sausage model from d1=5.5 pixels to d1=6 pixels
(Dd1=Dd=0.5) while the other parameters stay
constant, and analyzing the corresponding intensity
distribution with the distribution of a symmetric slice
model leads to a detected length change of Dd=0.503.
For 88 nm pixel size, the bias is therefore again a few
Angstroms.
Taken together, these results show that the slice
model gives reliable results when used to determine the
absolute length of sausage-like objects such as E. coli

bacteria, or when used to detect relative length and
width changes.
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